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H. M. SRIVASTAVA AND R. G. BUSCHMAN

ABSTRACT. In an attempt to present a unified treatment of the various
polynomial systems introduced from time to time, new generating functions are
given for the sets of polynomials {Sf&’f)()\; x)} and {T,(:'q"8 )()\;x)}. defined respec-
tively by (6) and (29) below, and for their natural generalizations in several com-
plex variables. This paper also indicates relevant connections of the results derived
here with different classes of generating relations which have appeared recently
in the literature.
1. Introduction. Recently, H. B. Mittal [6] demonstrated some applications

of the differential operator

(1) T, = x(k +xD), D =d/dx, k a constant,
which evidently has the property that

@ Tp x°} = (@ + k) x**",

where 7 is a positive integer and, in general, (o), = I'(@ + A)/T'(@). His main
result may be stated as

THEOREM 1 (MITTAL [6, p. 81]). Corresponding to every power series

3 V@)= 3 ', 1, #0,

n=0
one can define a set of polynomials {f,ff’;,f',’,)(c ;x)} by

(4) ftsaﬁ"“l)(".; x) = ["Z/E” - n)qk(a + mn)(p_mq)k

(—- l)qkay ckx(p—q)k’
k=0 (a + (m - l)n)(p—mq+q)k k
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such that

®) Z __._2__ f(a+l,m)( x) _ (4ot Vet (1 + vpP),

n=0 @+ Dppn mp.a 1 -(m-1p

Where a and c are constants, m, p and q are positive integers, and v = xt(1 + v)™.

A closer look at the defining relation (4) would evidently expose a number
of superfluous parameters on its right-hand side. For instance, one can replace,
without any loss of generality, x by ((—1)%x/c)!/(P—9), Also, in the generating
relation (5), ¢ can conveniently be replaced throughout by #/x. Furthermore, it
would suggest the following interesting extension of Theorem 1.

THEOREM 2. Corresponding to the power series Y (u) given by (3), let

(n/g] (n)g(1+a+ B+ D)y,
(@.6) = 1 X
(6) S 0’ x) §0 (l +a+ ﬁn)(h.'.q)k kx

where &, B and \ are arbitrary constants, real or complex, and q is an arbitrary
positive integer.
Then

« +1
o £ (“T0T)sposar = CE i+,

where w is a function of t defined by
8) w=1(1 +w)tl, w()=0.

(We assume throughout that a and g take on such values that equations
like (7) make sense.)
Since it is readily seen that

©) £&me; x) = SE M1 (p - mg; (- 1)exP™Y),

Theorem 1 would follow from Theorem 2 in the special case when, for instance,
A and B = 0 take on integral values only.

Our proof of Theorem 2 is direct; it does not make use of the differential
operator T; defined by (1). Indeed, in view of the elementary relationship
n), = (= 1)*n!/(n — k)!, 0 <k <n, we observe that
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 fa+ @+ DN\ apn.
Z( n )S'("‘;B)Q’x)tn

n=0

kel [n/q]
(10) -z >y (“ FEFOn¥ M)nx"

k=0 n-qk
- T 1)Ky, kK = /a+@B+Dgk +Nc+ B+ Dn .
Eo( Y Hyx Z( )t"

n=0 n

The inner series can be expressed in a closed form by using the following con-
sequence. of Lagrange’s expansion formula [7, p. 302, Problem 216]:

= fa+(@+1 1+ w)*t!
(11) Z(& (5 )n)tn=( llv‘)iw ,

where w is given by (8), and thus the generating relation (7) follows at once.

n=0

2. Applications. At the outset, we remark that in an earlier work [13]
Srivastava has shown how Theorem 2, in the special case A = 0, can be applied
to derive a large number of generating relations for various special functions of
interest. As a matter of fact, he observed (cf. [11, p. 593 (16)]) that formula
(8.5) (Mittal [6, p. 80]), involving Jacobi polynomials, is contained in his gener-
ating relation [11, p. 591 (9)], and hence also in his subsequent result [13, p. 233
(12)]. Note that Mittal’s formula [6, p. 79 (7.4)], involving Bessel polynomials,
which was given earlier by Calvez and Génin [2, p. 654 (22)], follows also as a
limiting case of Srivastava’s generating relation [11, p. 594 (21)] evidently con-
tained in [11, p. 591 (9)] and [13, p. 233 (12)]. On the other hand, Mittal’s
formula [6, p. 82 (9.9)] is a special case of a result of Chaundy [3, p. 62 (25)],
which is also contained in the aforementioned generating relations [11, p. 591
(9)] and [13, p. 233 (12)].

In this section we consider applications of Theorem 2 when A is a positive
or negative integer. First of all we observe that, in the special case A = — 1, if we
setgq=F=1, a=c—1, v, = §,/k! and replace x, ¢ by 1/x and —xt, respec-
tively, Theorem 2 would reduce fairly readily to the known generating relation (14)
of Rainville [9, p. 296]. Note that this formula of Rainville [9] would follow
also from Theorem 2 if we set A=0, g=1, B=-2, a=—c¢, 7, = §;/k!,
and replace x, ¢ by —1/x and xt¢, respectively.

On the other hand, for A = m — 2, m being a positive integer,q = =1,
a = g, Theorem 2 with x replaced by (-1)"x, and v, by v,/k!, was given recently
by Brown [1, p. 58, Theorem H].

Next we specialize the power series in (3) by means of
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12) w(u)=ri;[al".° ’ar;bl!.."bs;u]’
giving us

r s -1
13 T = 3;1—11 (“")"z 3k! i_nl (b,),‘i , k>0

The most interesting special cases would seem to occur when § =1 and A =
- 1), p being an arbitrary positive integer. We are thus led to the hypergeo-
metric generating functions

— /a+2n
2 < n )r+p+q-1F:+p+q-
n=0

(14) et 8GN Ap-Li1+at2n), - 1P ,
byseee by, Ap+q-Lltatn) p+q-1pte?
=(1 - 4)-1/? 2 e lapcctean p+2q-1
(l 4’) (l +(1_4‘)I/2) J bl’“. ’b"x( ‘) mm)

and

® /o+ 2n F al’.'.,artA(Q’ n)

,.z=:o( )"’" 4y, oe0 b, A@-p+ ;1 +a+n), Ap - 1;-a—2n);

qx e

(15) (-py-'@-p+ 10+

=(1 —an-1/2 2 15°°°,4,; Y 2 2q-p+1
(l 4t) (l+(]-4t)l/2> IF:[b oo b ( )(l+(l 4t)llz> 'Y

ifp<q+1,o0r

i ot F, ay,°**,8,Aq;—n), Ap—-q-1;a~n);
o\ n Jrep-iistent by,oe by, AP - 1;-a—2n);

Cap-gq-1y9!
6 e x]t"

cee g 2q-pi1
=(1-4n)-1/2 2 ol F a, ’a"i-t 2 ’
-4 (1+(1_4,)|/z> sl by, e by n? Tra-a”

if p >q + 1, where, for convenience, A(m; M) is taken to abbreviate the sequence of
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m parameters A/m, (A + 1)/m, * <+ ,(A + m —1)/m, m > 1, it being understood that
the set A(0; A) is empty.

In the special case p = q, if we let g — 1, both (14) and (15) would lead to an
interesting generating relation for a generalization of the pseudo Laguerre polynomials
given earlier by Shively [10, p. 54 (48)] . (See also Rainville [9, p. 298 (5)].) On the
other hand, if in our formula (16) we set p = 2g, @ =a — 1, and replace x, ¢ by
(-1)7zx!—9 and xt, respectively, it would provide us with the corrected version of
the generating relation (9.11) of Mittal [6, p. 82].

Now we let 8= 0 and X\ = — p, where p is a positive integer < g, and from
Theorem 2 we obtain

= fa+n a,, **,a,,A(q:-n); qx ,
z reqFsialy ... -p: —a-n): p ¢
n=o\ N by,e** b, Mg -p;1+0a),A(p;—a—n); (-pP(q-p)

(7 =(1-:)-a-|’,,.["n-"'»ar: x(-1)? ]
s 'bp... ’b:; (l _t)q-p *
The generating relation (17) is a generalization, for instance, of formulas (25) and
(27) of Chaundy [3, p. 62], and of the more recent result (9.8) in [6, p. 82].
For 8 = —1 and A = - p, p being an arbitrary positive integer, Theorem 2

yields the generating functions

> fa a,,***,a,,Aq:—n): qx ;
L (n)rraforal b oon b, Api-a), A@-pe 1 +a-n); = |
n=o\n 1 b Api- @), Mg -pil ta-n): (- pYP(g-p)P

18 4y, 8 x(=1)
=1 +0°,F|" "’——x(')], ifp<gq;
(+9 ’F’[b,,m,b,;(Hm ifp<q
= /a ay,°** .8, Ap-q;—a+n), A@:—n); (-q)(p-qp?
,Eo (n)"”’F‘*"[ by, ,bs, Api-a); pP o
19

ays° 08y x(—t)?
= + ) .
(+a 'F’[bwﬂ,b,; (1+:)"]’ p=4

Formula (18) is substantially the same as the generating function (17) above.
On the other hand, formula (19) incorporates, as its special cases, a fairly large
number of generating functions for various special functions of interest. As an
example, we cite the generating relation (26) of Chaundy [3, p. 62], which was
rediscovered, a decade later, by Rainville [8, p. 106 (6)].

Finally, we set § = — 2 and A = p, p being a positive integer, and Theorem
2 gives us
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& foa=n ay,°°*,a,A(p;1+a—n), A@g;=n); pPqix n
Z ( )r+p+qu+p+q R . P uneerp [4
n=0\ 7 by AP +q; 1+a=2n) (p + gt

- 2 S L 2 \?
=(1+4r)" 12 ————) F, x(- )i ————) |,
rra+an) b s\ a v

which provides a generalization of the generating function (4) of Rainville [8, p.
104]. (See also Brown [1, p. 44, Theorem E].)

Similar specializations will evidently lead us to several other applications of
Theorem 2.

In view of (6) it seems natural to consider also the function defined by the
series

(20

Yil@, 40), 000, @4, (b, By), o0, (by By x]
(1)
Z H @), k”k n ®)s k% x¥,

where all of the 4; and B; are positive, and for convergence,

(22) l+iz B; - ZA =0,

-— l—
the equality holds only for suitably restricted values of |x|. This function is
closely related to the generalized hypergeometric function of Wright. In the case
where all of the 4; and B; are equal to 1 it reduces to the generalized hypergeo-
metric function ,F @, *** ,a,; by, ***, by x). If in Theorem 2 we set

-1
(23) H @4 ks 3" H ®)s k% ’

instead of as in (13), then , ¥ replaces ,F, in (12) as the generating function and
for A > 0 we then obtain

n

io (01"' ¢r ])”> reqe1Ver1 (/g 1), oo, (Fn+q-Dlg, 1), (1 +a+ @+ Dn, Ny,

(24) @A) @A) (1 +a+n, A +q), (), By, **+ . (by B):qx] 1"

-“f;,”j U@ A @ A O By, oo+ (b BY xCwRA+W,
where w is given by (8). If A = 0 thenin (24) ,, ., ¥, | is to be replaced by
,_,_q\lf;“ﬂ and the parameter pair (1 + a + (3 + n, \) deleted. This is a general-
ization of formulas of the form of (14); similar generalizations can be obtained for
(15) through (20).
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3. A generalization of Theorem 2. Making use of Gould’s identity [4, p. 196],

g +(ﬁ+l)n <a+(ﬁn+l)n)t”

=(1+w)* Zo(—l)"("‘ 7)(“7{1(13“)) (m)"

where a,  and vy are arbitrary complex numbers, and w is given by (8), we can
derive the following generalization of Theorem 2.

@25)

THEOREM 3. With the power series Y(u) defined by (3), let

0(m, q;0,B,7,\;u)

=Zrrarna ()T

(26)

7]‘“,‘ ’

where @, B, v and \ are arbitrary complex numbers, q is a positive integer, and
n=0,1,2,¢+°.
Then

~ Y  fa+t@B+Dn\ apA.
@7 Eo ‘7+(I3+l)n( n )sn,q A x)e”

= (1 + W) (-w)?(1 + w)*, = w/(1 +w)),

where, for convenience,

(28) ¢, v) = f: 0, q;0,B,7, N u),

n=0
and, as before, s,(:};;”o\; x) is given by (6) and w is given by (8).

For v = a, the generating relation (27) would simplify considerably. On
the other hand, its limiting case as y — oo corresponds formally to our generating
function (7). Thus it would seem obvious that, for finite v, ¥ # a, Theorem 3
may be looked upon as being independent of Theorem 2.

Yet another interesting special case of the generating relation (27) would
occur when we set A = 0 and choose ¥ so that (a — ) is a positive integer. We
are thus led to what is essentially the same as Theorem 3 of Zeitlin [15, p. 410].

4. An associated set of polynomials. We define the set of polynomials

[ 191 (—n), (a+ B+ Dn)y,
T(a,ﬂ) i X q v.x¥,
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where, as before, a, § and A are arbitrary complex numbers, q i$ a positive integer,
and the 7, are given by (3). For these associated polynomials we give here a class
of generating functions of type (27) with ¥ = a. Indeed, instead of the identity
(25) we make use of the following consequence of the Lagrange expansion formula
(cf. [7, p. 301, Problem 212])

(30) Q+wyrtl=1+@+1) Z
n=1

(a+(ﬁ+l)n>_;,

n—-1

which follows also from (25) when ¥ = a and wherein w is given by equation (8),
and we obtain

THEOREM 4. With the 7, given by (3), let

@1) t@w=3 T e
Then
had __— a+(ﬁ+l)n @,8) -
Z_: a+@+n ( n )T""’B ed
32)
=@+ W)a‘(x_w??n—q xCwW)I(1 + w)*),

where o, 8 and \ are arbitrary constants, real or complex, q is a positive integer,
and w is a function of t defined by (8).

For 8 = 1, the generating relation (32) would reduce to the elegant form

i a_.:%n_ (a + Zn) ﬁfél) Q0"

n=0 n

- (1 +Q E4t)‘/2 >°' §(7~+ 2 Y [W](Mz)q) ’

where {(a; u) is defined by (31).

A special case of our formula (33) wheng =1and A =m — 2, m being a
positive integer, was given earlier by Brown [1, p. 61, Theorem IJ.

We remark in passing that even though the generating function in (32) is
not contained in Theorem 2 or Theorem 3 of this paper, it is essentially an inte-
grated form of the generating function given by Theorem 2.

(33)

5. Polynomials in several variables. In order to give a multidimensional ex-
tension of the generating relations (7) and (27), we define a function F[z,,***,2,]
of several complex variables z,, * <+ ,z, by the formal series
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k k
(34) F[zl’o-o.z’]= Z C'(kl’ooo’ r)zll .oozrr’
kl s %, k '=0
where the coefficients C(k,, *** , k,), k, 20, 1 <j<r,are arbitrary constants,
real or complex. Corresponding to every multiple series of this type, we introduce
a set of polynomials in several variables z,, * * * , z, defined by

Q,(f“m[kl,'” ’xr;ql’... ,q’;zl,ooo ’zrl
Qyky+ oo +q,k<n (—n)ql,‘,l +.,.+qur(l +a+ @+ l)n),\lk|+,,,+,\rk

@) ="z .

kpoeso k=0 a +a+ﬁn)("l*"l)"| +eeoH (A4, )k,

k k
.C(k|9.." ’)zll .°’z”,

where @, f and A, * * =, A, are arbitrary complex numbers, and q,, *** , g, are
positive integers.

As a consequence of the identity (25) we have a multidimensional extension
of Theorem 3 given by

THEOREM 5. Corresponding to the multiple series Fz,, * * * , z,] defined
by (34), let

e/ PARXLIN RT3 X% WELLES W1 NEILIN 'S

- oo v a-1+hlkl+."+krkr)
(36) k.,uz,k';o Y@+ D@k + 0 +q,k) ( n

~1 ; x
) C(kv"”kr)“:l e,

.(n +q kg +oo+q .k, +v/B+1)
n

where a, B, and A, * ** , \, are arbitrary complex numbers, q, * ** , q, are
arbitrary positive integers, and n = 0,1,2, ¢+ .
Then

- Y a+(ﬂ+1)n> ( l
ga-ﬁ)k %0, ’; REEEIN ’; ’...’rt'
37) nz=:o Y+@+ l)n( n Ll U a 4,2, z,]

= 1+ WPHLz, W) A +w) Y oo, 2, w) A +w) T-w/(+ W),

Where w is given by (8) and, for convenience,

(38) H[ul’ oee ’u’;v] = 2 G(n' ql’ bl ’Qr;a9337’kp e ’x";ul’ see ’ur)v"’
n=0
Some special cases of this last generating relation are worthy of note. For
instance, if \; = *++ =\, = 0, it would reduce to a known result [14, p. 484 (5)].
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On the other hand, its limiting case when y — o0 would correspond formally to
the elegant generating relation

g(a+(ﬁ+l)n

i )Q'('Q,B)[Al’o..’ r;ql,ooo’qr;zl’coo’zr]t"

) _(+wet

1-pw
where F[z,, *++ , z,] is defined by (34).

Finally, we state without proof the following multidimensional extension of
the generating function (32).

F[zl(—w)ql(l -l-w))‘l, see ,z,(—w)q’(l +w)h’],

THEOREM 6. For arbitrary complex coefficients Cky, * * * , k,), k; =0,
1<j<r,let
A'(.asﬂ)lkl,ooo , ’;ql’ eoce ’qr;zl’." ’zr]
qyky+eeotqk,<n (- n, kg 4o +q’k,(a+(ﬁ+l)n))\lkl+°"+)\,k

(40) kl'...'k’_go (] +a+Bn)()‘l"'ql)kl+"'+(Ar+qr)kr

r

c Okys oo, k,)z’;' ces z:‘r,
where a, Band Ay, * * * , A, are arbitrary constants, real or complex, and q,,***,
q, are positive integers.
Then

= +@B+1
Z e (a (ﬁ )")Af.“-’”[x.,---,,;q,,...,q,;zl,...,,,],n
@41

= (1 +wPH[a/ (\+ B+ Dgkiz, Cw) A +w) L e 2w +w) 7,

where w is given by equation (8) and, for convenience,

(42) H[a;u,, vee, u’] = - “z,kﬁo ml—j_’:—:nj C(klv ces ,k,)u',‘""uf’.

It may be of interest to remark here that formula (39), which evidently
provides a multidimensional extension of the generating relation (7), is essentially
equivalent to the special case ¥ = a of its parent formula (37). Note also that by
specializing the coefficients C(k,, * * * , k,) by means of equation (10) in the
earlier paper [14, p. 485], formulas (37), (39) and (41) can be applied to derive
generating relations for polynomial systems associated with the generalized Lauri-
cella functions of several complex variables (cf. [12, p. 454 et seq.]). We omit
details which may be left as an exercise for the interested reader.
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